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Sonic boorn -~ example of spiked
signature
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Rise phase of a sonic boom
(leading shock in the N-wave)
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(This is the early portion of a spiked-signature wavelorm.)

SR-71atMach 2.6;  Flight altitude is 66,000 ft

Flying over Mojave desert on August 5, 1587, 9:00 a.m.
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Nitrogen molecule

function of temperatu;e

Vibrational
energy
levels

What is molecular relaxation?
spring

Number in excited state
Number in ground state

m.

libr

amic equl

But this is so only for thermodyn

b e

g



Parameters characterizing

a relaxation process:

e a relaxation time

Trelasx

e a sound speed increment

Ac = Cprop,froz = Cprop,eq

Two relaxation processes for air:

» Vibrational relaxation of oxygen molecules

¢ Vibrational relaxation of nitrogen molecules

e

AE = Quantum energy gap between ground and
first excited vibrational state

k = Boltzmann’s constant

When gas is in equilibrium:

Average kinetic energy per molecule

(translational plus rotational) = 3kT,,

Fraction of molecules in

first excited vibrational state = g8 8/kTeq

For gas not in equilibrium, define
apparent temperatures Ty cor and Ty
such that .

Average kinetic energy per molecule
(translational plus rotational) = 2kTie ot

Fraction of molecules in

first excited vibrational state = g~ AE/kTvi

Relaxation equation:
d7, 1
vib = —— (Ttr.rot - Tvlb)

dt Trelax
d 1 d
{EE -+ ;;el_a:} (T\rib = Ttr,rot;) = _"EETUJO"
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Relaxation times very sensitive to humidity!

Very low humidity means
very long relaxation times.

.
Relaxation o
frequency
in Heriz Lt [T TR [
'R | 15 5 b W/ 00
{Lelallve umidity at 2U'C
(ot f-

1 | [ 1 bt
i 1 s 3 10 25 30 1w

Ielullve humldity at 53°C

10-* 10 19 .

Fraction of air molecules
that are water molecules

ot e e et o e o 2t e s

[

1=k

internal energy per unit mass

Einl: = £l;r,rol'. + Svlb

limiting cases for
specific heat at constant volume:

. dgtr rot devlb

equilibrium: I s e e

qui Cea = Ty | dTeq
frozen: dEi ot

Cy,frozen = m
Hl

: i c R
specific heat ratio: NP 14—

cy

sound speed: Corop = [,7 RT]W

Cprop,froz = Cprop,eq 1T AC

Ac= sound speed increment

associated with a relakation process



- Frequency dependence of a single relaxation process Atmospheric propagation:

Absorption coefficient cv

- - nbsorption per wavelenglh (nepers per meter)
1= maximum absorption per wavelength
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One-way propagation equation
for a dissipative medium
(Burgers’ equation)

2
gt Oz  pcdx Oz
where

4 K
206 = FH + tpulk -+ (7 ~ 1)2;

'If you neglect nonlinear term, assume ¢ and z
dependence as '

e-iwtei(w/vph)ze—am

you get classical absorption coefficient

. 2
7%

Q] = —0

Cl ca

e i
i e e

Excerpe (slighity aliered) from

‘sl'hc us'"m”‘ of Shock Waves at Large Distances from Dodies Travelling ot High
peeds

[G. M. Lilley, 5th ICA, Liege, Belgium, 1965]

The Taylor rise time 7, of the shock wave is
given as the time over which 0.9 of the overall
jump occurs, Thus we find

6pnd 8006
Trige = ~2e {corrected to ?_§g_o_}
Sh Psh

4
where  2pf = il + tbulk + (7 — l)-cip -

In estimating diffusivity & it is necessary to know
the value of the bulk viscosity accurately, Lighthill
(Surveys in Mechanics article, 1956) has argued
that the presence of minute traces of water vapour
in air effects the vibrational energy exchange
between the oxygen and water vapour molecules

and this results in exceedingly large values of upyy.

depending on the value of upuy we find the shock
rise time can vary from 4 us to 40 us for a weak
slock wave of 1 1b/fi® (50 Pa) pressure jump.
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Tisza’s observation (paraphrased)
Physical Review, 1942

At sufficiently low frequencies,
the effect of any given relaxation process

is equivalent to

what results from increasing the bulk viscosity by

A#bulk = {QPC} {Treln.x} {AC}

Perfecily dry air at low frequencies will have a

very large bulk viscosity!

PR et o 1 e
P

Linear dispersion relation with relaxation included -

H
]

W W Wy,
ch=w +'L-c—2~5 + -E- Z(Ac)u""‘"—"‘—l iy
big big  smal) ¥ sman

. b ‘2 - ikc’?‘y
w = [k — k%8 kZ(Ac)u~————~1 e

-

big big small small

How to derive transient wave equation
from dispersion refation

~ =} ik — 2
gt dz

Introduce internal auxiliary variables, p; and pg!

thker, -
1 — 'ikCT,,p Pu
D 7] op ap
c”‘ké‘éz"PU'f'Cfv*‘%i Tv£=Pv+Tuﬁz
Nonlinear cortection (Whitham’s rule):
; de__ . @p
[e] = c+vfi--JI;p-_ c+ o
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One way nonlinear propagation system

with relaxation included

a generalization of Burgers’ equation

Bt peldz Oz B

big big  small amall small

) *p
Lt [c+93]§3-5-‘9—3+2(a.:),,6p” =0
¥

supplemented by relaxation equations (v =1, 2)

op . Opy
gz~ Pty
or
dp Opu

o TP T

rur——" e R U

ni¢ boom wavefo djctio
Burgers' equation with added molecular relaxation term:

%—‘:nr c%ip-vr NST +TVT + MRT =0

moleculat relaxation lerm

classical absorption term

nonlinear steepening term

coupled with relaxation equations:

dpy ap
Pet Tge " ™ar

v=0,N,

Il’nrm Stnte/CAV




Similitude Solution
for waveform in vicinity of shockfront
(in tradition of G. I. Taylor and R. Becker)

primary (defendable somewhat) assumption:
p(z,t) = F(z —Vat); pu(z,t) = Fo(z — Vint)

reduces coupled pde's to coupled ode’s

i " sonj VIV

Nominal shock location where o — Vyt =0

To describe shock profile it is sufficient to seek so-
lution corresponding to a net jump:

F(§) —0as§— o0
F(§) — Py, as £ = —co0

Complete set of boundary conditions to pin down
the solution of the three coupled ode's requires a
nontrivial derivation.

Shock speed Vi, emerges as part of the solution.

Theoretical predictions based on numerical solution
of augmented Burgers' equation set matched to
asymptotic boundary conditions: 0

4

0,05 By
— . B Aspinpiutic form
7
0.05 By,
0 g
Asymplotic | Numerleal Integration Asymplolic
solution of nanlinear coupled solution
equations

Middle rise phase: O, relaxation dominates
Later rise plinse: N, relaxation dominates

lt‘enn State/CAV |

s Al




(effects of various terms in the propagation equations)

Early history of shock waveform:
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Viscosily and Conduction
0 T L L]
6.5 0.0 0.5 1.0 1.5 2.0
time in msec (arbltrary time origin)
Computed results for when

et e Sy — 1 m

Net pressure jump is 100 Pa
Temperature is 20° C
Relative humidity is 10%

Delinition of rise time g used here
*  based on steady state shock overpressure "Psh'

+  thetime for pressure to jump from 10% to 90% of Psh

fream  fl5E LTI ——
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Psh is not always = maximum overpressure



NPT EEPETTr EEVEFTUTY BTETETITY N SETPUTTIY I
10000 3 3 HUMIDITY EFFECTS ON SONIC BOOM WAVE
4 : FORMS
* 1, All processes Included B .
1 - [ !
j 2, Oxygen relaxation 3 " INcReAsg '
3. Murogen relaxation i D Cwnl;
. ) S Q-J ¢ (113 E
1000 < 4, Viscosity and . 3 f| 2 Sk fine
- 3 thermal conduciion i . RNY "
é e . ! r + ' . o 2’:: i 1;.
o 5 Shack ' 1.0 (ma)
: t g io
3 3 } [ /ﬂ.:NI/I'
o N - 80
.‘-------_- aaw g :
g measbeady 100 5
100 = 3 20.0 Rolatbes hursidity [}
3 - K 1 10 100
- » Nataivs humicity (%)
10 T T T P T[T T I — =P P Tt =T T T T frrem
1.0e-07 1,0e-05 1.08.03 1,0e-01

Rise tme (sec)
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Rise times of actual sonic boom waveforms Concluding Remarks

recorded at the ground

. , « Relaxation theory predicts rise times of
(Mojave desert, various Mach numbers, fight altitudes, airplanes)
(rel hum = 24%, T = 33°C) . right order of magnitude,.

« S PRy " PR .
10 ‘ 4 - = Theoretical predictions of rise times tend to

be lower than observed in field data.

» Strong dependence of relaxation theory rise

104 E
3 P times on humidity.
:.il?:e [ Dry air leads to the longest rise times.
(sec)
107 sy ' « For booms generated by next generation of
3 . \ ' ' civilian supersonic aircraft,
] * Py nitrogen relaxation effects will be
' much more important than
10“‘1 ' 10 T e 1000 oxygen relaxation effects
pressure jump of leading shock (Pa) « Rapidity with which waveform profiles

Solid line is theoretical prediction adjust to changes in humidity along flight

based on assumption that path is topic for further study
pressure of incident waveform is one-half of that
measired at the ground. ,
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